AP® CALCULUS BC
2012 SCORING GUIDELINES

Question 1

t (minutes) 0 4 9 15 20
W(t) (degrees Fahrenheit) | 550 | 57.1 | 61.8 | 679 | 71.0

The temperature of water in a tub at time ¢ is modeled by a strictly increasing, twice-differentiable function W,
where W (¢) is measured in degrees Fahrenheit and ¢ is measured in minutes. At time ¢ = 0, the temperature of
the water is 55°F. The water is heated for 30 minutes, beginning at time ¢ = 0. Values of W (¢) at selected
times ¢ for the first 20 minutes are given in the table above.

(a) Use the data in the table to estimate #’(12). Show the computations that lead to your answer. Using correct
units, interpret the meaning of your answer in the context of this problem.

20 20
(b) Use the data in the table to evaluate J.o W’(t) dt. Using correct units, interpret the meaning of Io W'(t) dt

in the context of this problem.

20
¢) For 0 <t < 20, the average temperature of the water in the tub is €L W (t) dt. Use a left Riemann sum
ge temp 20 Jo

. , 20 .
with the four subintervals indicated by the data in the table to approximate 21—0 0 W(t) dt. Does this
approximation overestimate or underestimate the average temperature of the water over these 20 minutes?

Explain your reasoning.

(d) For 20 < ¢ < 25, the function W that models the water temperature has first derivative given by
W'(t) = 0.4Vt cos(0.06¢). Based on the model, what is the temperature of the water at time ¢ = 25 ?

@) W(12) = W(115§ - ZV(9) _ 679 = 61.8 N

=1.017 (or 1.016)

The water temperature is increasing at a rate of approximately
1.017 °F per minute at time ¢ = 12 minutes.

{ 1 : estimate
1 : interpretation with units

(b) jjOW’(t) dt = W(20) — W (0) = 71.0 - 55.0 = 16 ) { 1 : value

The water has warmed by 16 °F over the interval from ¢ = 0 to 1 : interpretation with units

t = 20 minutes.
20
©) %ojo W) dt = 2i0(4 W(0)+5-W(4) +6-W(9) +5-W(15)) 1 : left Riemann sum

1 3: 4 1:approximation
= %(4-55.0 +5-57.1+6-61.84+5-67.9)

-1 -
=20 1215.8 = 60.79
This approximation is an underestimate, because a left Riemann

sum is used and the function W is strictly increasing.

1 : underestimate with reason

25
d) W(25) =710+ LO W'(t) dt

{ 1 : integral
= 71.0 + 2.043155 = 73.043

1 : answer
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1

 (minutes) 0 4 9 15 | 20
W(t) (degrees Fahrenheit) | 550 | 57.1 | 61.8 | 679 | 71.0

. The temperature of water in a tub at time ¢ is modeled by a strictly increasing, twice-differentiable function W,

where W(t) is measured in degrees Fahrenheit and ¢ is measured in minutes. At time ¢ = 0, the temperature of
the water is 55°F. The water is heated for 30 minutes, beginning at time ¢ = 0. Values of W(t) at selected
times ¢ for the first 20 minutes are given in the table above.

(a) Use the data in the table to estimate W’(l?). Show the computations that lead to your answer. Using corfect
" units, interpret the meaning of your answer in the context of this problem.
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Do not write beyond this border.

(b) Use the data in the table to evaluate Jo W'(t) dt. Using correct units, interpret the meaning of J o W'(t) dt

in the context of this problem.
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- 20
(c) For 0 £ ¢t £ 20, the average temperature of the water in the tub is —2—% . W(t) dt. Use aleft Riemann sum

20
with the four subintervals indicated by the data in the table to approximate %Jo W(z) dr. Does this

approximation overestimate or underestimate the average temperature of the water over these 20 minutes?

Explain your reasoning. i \ < (. :
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(d) For 20 < t < 25, the function W that models the water temperature has first derivative given by
W’(t) = 0.4+t cos(0.06¢). Based on the model, what is the temperature of the water at time ¢ = 25 ?

) = WoD - W) 2,043
* Wi = 1ho = 2,045
W) {’H‘D%‘L °FX

GO ON TO THE NEXT PAGE.
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1

t (minutes) 0 4 9 15 20
W(t) (degrees Fahrenheit) | 55.0 | 57.1 | 61.8 | 67.9 | 71.0

1. The temperature of water in a tub at time ¢ is modeled by a strictly increasing, twice-differentiable function W,
where W(z) is measured in degrees Fahrenheit and ¢ is measured in minutes. Attime ¢ = 0, the temperature of

the water is 55°F. The water is heated for 30 minutes, beginning at time ¢ = 0. Values of W(t) atselected
times ¢ for the first 20 minutes are given in the table above.

(a) Use the data in the table to estimate W’(12). Show the computations that lead to your answer. Using correct
units, interpret the meaning of your answer in the context of this problem.

wis)-6a  ¢19-418
Wia)- (j f w*‘”gé‘j 2/ /cw'm

4% 1{#’:‘}& += 12 -H,\_g wdi‘él"“ s Ecmjloeadecq at a rﬂ+@
of [.DILoE '

miA.

' 20 20
(b) Use the data in the table to evaluate J.o W’(t) dt. Using correct units, interpret the meaning of -[o W'(z) dt

in the context of this problem.

fowdt = (Who)-wlo)

= 710 ~55,0= 16,0 degrees fabrenk it

éow{(f)d{' let.)fé&'ﬂ’fs the Ghana*e; in water +ﬂmpcm%ufz
in ;z&(;’jrféS \:akrenht‘\“' -Pmm‘ Aime 4=0 4o 4=20

Continne nrohlem 1 on page 5.
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(c) For 0 <t < 20, the average temperature of the water in the tub is = 1 W(t) dt. Use a left Riemann sum

2070
with the four subintervals indicated by the data in the table to approximate 20 I W(t) dt. Does this

approximation overestimate or underestimate the average temperature of the water over these 20 minutes?

Explain your reasoning.-
i f / PP S 4 /o e
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(d) For 20 <t < 25, the function W that models the water temperature has first derivative given by
W'(z) = 0.4+ cos(0.06¢). Based on the model, what is the temperature of the water at time ¢ = 25 ?

i /Q) 0HYas co 3{ QW(IQE_\J)
=g, 14/

GO ON TO THE NEXT PAGE.

[ Unauthorized copvina or reuse of |

© 2012 The College Board.
Visit the College Board on the Web: www.collegeboard.org.



t (minutes) 0 4 9 15 20
W(t) (degrees Fahrenheit) | 550 | 57.1 | 618 | 67.9 | 71.0

.- The temperature of water in a tub at time ¢ is fodeled by a strictly increasing, twice-differentiable function W,
where W(¢) is measured in degrees Fahrenheit and ¢ is measured in minutes. At time ¢ = 0, the temperature of

the water is 55°F. The water is heated for 30vminutés, beginning at time ¢ = 0. Values of W(z) at selected
times ¢ for the first 20 minutes are given in the table above.

(a) Use the data in the table to estimate W’(12). Show the computations that lead to your answer. Using correct
units, interpret the meaning of your answer in the context of this problem. '

W, e,
WD T .

20 : .20
(b) Use the data in the table to evaluate jo W’(t) dt. Using correct units, interpret the meaning of j W'(2) dt

in the context of this problem.

20 : , 20
(wwde= wer|
> _ -0

W) - W ~
11— 59 ~ Modegvcerm\amqu
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20
(c) For 0 <t <20, the average temperature of the water in the tub is 21—0‘"0 W(t) d, Use M" iemann Sum

' 20
A~ with the four subint;fvals indicated by the data in the table to approximate 5y W(t) dt. Does this

approximation gx¥erestimate or underestimate the average temperature of the water over these 20 minutes?

M Explain your péasoning. \. .
(Y . ﬁ/ . Y,

|

(4-0) (550 + (a-4) (SF V) ¥ (S~ (el.)

+ (20-\3) (F-A)
220 4 23s.5 ¥ 370. % + 3RS
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(d) For 20 < t < 25, the function W that models the water temperature has first derivative given by
W'(t) = 0.4Vt cos(0.06¢). Based on the model, what is the temperature of the water at time ¢ = 25 ?

00, 43 154649

20°F
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AP® CALCULUS BC
2012 SCORING COMMENTARY

Question 1
Overview

This problem involved a function W that models the temperature, in degrees Fahrenheit, of water in a tub. Values
of W(t) at selected times between ¢ = 0 and ¢ = 20 minutes are given in a table. Part (a) asked students for an

approximation to the derivative of the function W at time ¢ = 12 and for an interpretation of the answer. Students
should have recognized this derivative as the rate at which the temperature of the water in the tub is increasing at
time ¢ = 12, in degrees Fahrenheit per minute. Because ¢ = 12 falls between the values presented in the table,
students should have constructed a difference quotient using the temperature values across the smallest time
interval containing ¢ = 12 that is supported by the table. Part (b) asked students to evaluate the definite integral

20
.[0 W’'(t) dt and to interpret the meaning of this definite integral. Students should have applied the Fundamental

Theorem of Calculus and used values from the table to compute #(20) — W(0). Students should have recognized

this as the total change in the temperature of the water, in degrees Fahrenheit, over the 20-minute time interval. In
part (c) students were given the expression for computing the average temperature of the water over the 20-minute
time period and were asked to use a left Riemann sum with the four intervals given by the table to obtain a
numerical approximation for this value. Students were asked whether this approximation overestimates or
underestimates the actual average temperature. Students should have recognized that for a strictly increasing
function, the left Riemann sum will underestimate the true value of a definite integral. In

part (d) students were given the symbolic first derivative #W’(¢) of the function W that models the temperature

of the water over the interval 20 < ¢ < 25, and were asked to use this expression to determine the temperature
of the water at time ¢ = 25. This temperature is computed using the expression

25
W(25)=w(20)+ .[20 W’(t) dt, where W(20) = 71 is given in the table.

Sample: 1A
Score: 9

The student earned all 9 points.

Sample: 1B
Score: 6

The student earned 6 points: 2 points in part (a), 2 points in part (b), 2 points in part (c), and no points in part (d).
In parts (a) and (b) the student’s work is correct. In part (c) the student earned the left Riemann sum and
approximation points. The student does not give a correct reason for “underestimates,” so the last point in part (c¢)
was not earned. In part (d) the student’s work is incorrect.

Sample: 1C
Score: 3

The student earned 3 points: no points in part (a), 1 point in part (b), 2 points in part (c), and no points in part (d).
In parts (a) and (d) the student’s work is incorrect. In part (b) the student earned the value point. In part (c) the
student earned the left Riemann sum and approximation points. The student does not give a correct reason for
“underestimates,” so the last point in part (c) was not earned.

© 2012 The College Board.
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AP® CALCULUS BC
2012 SCORING GUIDELINES

Question 2

For ¢ > 0, a particle is moving along a curve so that its position at time ¢ is (x(#), y(¢)). Attime ¢ = 2, the

particle is at position (1, 5). It is known that % =V 'lt_ 2 and % = sin’1.
e

(a) Is the horizontal movement of the particle to the left or to the right at time # = 2 ? Explain your answer.
Find the slope of the path of the particle at time 7 = 2.

(b) Find the x-coordinate of the particle’s position at time ¢ = 4.
(¢c) Find the speed of the particle at time 7 = 4. Find the acceleration vector of the particle at time ¢ = 4.

(d) Find the distance traveled by the particle from time ¢ = 2 to ¢ = 4.

(a) % = % 1 : moving to the right with reason
e 3: 4 1:considers dy/dt
’ ' dx/dt
Because % > 0, the particle is moving to the right 1:slopeat =2
=2
attime ¢ = 2.
dy dy/dt| =2
- = —————— = 3.055 (or 3.054
dx|,_, = dd ( )
4 .
J 1 : integral
(b) x(4)=1 +J 42 G =1.253 (or 1.252) 2: { mieera
2 e 1 : answer
(c) Speed = {(x'(4))> + (¥'(4))? = 0.575 (or 0.574) . { 1 : speed
" | 1:acceleration
Acceleration = (x”(4), y"(4))
= (-0.041, 0.989)
. N2 72 1 : integral
(d) Distance = [ {(x'(1))” +('(1))’ di 2:
2 1 : answer
= 0.651 (or 0.650)

© 2012 The College Board.
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2. For t 20, aparticle isxnl?ving along a curve so that its position at time ¢ is (x(r), ¥(1)). At time
dx Jz +2 and & dy

el

t =2, the

particle is at position (1 5) It is known that = = sin’t.

(a) Is the horizontal movement of the particle to the left or to the right at time 7 = 2 ? Explain your answer.
Find the slope of the path of the particle at time ¢ = 2.
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(b) Find the x-coordmate of the particle’s position at time t=4.
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2 2 2 2 2 2 2 2 2 2 aA

(c) Find the speed of the particle at time ¢ = 4. Find the acceleration vector of the particle at time ¢ = 4.
—_— T—
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(d) Find the distance traveled by the particle from time 1 = 2 to 1 = 4.

‘1 %
distonce = G VIEFAZY 4e

-S \f**‘ \ % (sire)* Ak

disrane = (59
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2. For t 2 0, a particle is moving along a curve so that its position at time ¢ is (x(¢), y(t)). At time 7 =2, the

particle is at position (1, 5). It is known that % -2 and Zt = sin’t.
e

(a) Is the horizontal movement of the particle to the left or to the right at time ¢ = 2 2 Explain your answer.
Find the slope of the path of the particle at time 7 = 2.

m/ e
O{X =
AT

% T
‘){ P \ - \i.-———“" T e— f‘l\
L —] 2\ - T 0.1
d+ e’ w (@) e <
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(b) Find the x-coordinate of the particle’s position at time ¢ = 4.

N oA + {rr2 -
X(T> . X(—L} ¥ S e - ‘ & S Aa\' ~ . S 195 L\L“og
2 al " e ‘ \ v ol
x(9) *l11 579
I T s————1 | Continne nroblem 2 on nagce 7
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(c) Find the speed of the particle at time ¢ = 4. Find the acceleration vector of the particle at time ¢ = 4.

o, 1 1 + .
seeeds (B ¢ (B2 ¢ piw ] 7 0520w
=10.5713

. At Jdxt 25 m4 (a1 )
a (1) * PIO T EYC G ()
_ g

(d) Find the distance traveled by the particle from time ¢ =2 to t = 4.

4
Ansy = A, . CH Syt
| &\ - ) — = 5273 342064 (533 |

v » {(55)

e
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2. For 1 2 0, a particle is moving along a curve so that its position at time ¢ is (x(z), y(f)). Attime ¢ = 2, the

particle is at position (1, 5). It is known that ‘j’t‘ o 2 and %y— = sin’r.
€

/

(2) Is the horizontal movement of the particle to the left or to the right at time ¢ = 2 ? Explain your answer.
Find the slope of the path of the particle at time ¢ = 2.

g%_%t _ |
d—___d_x, Q_b‘:‘_}——/ =
dv

= 'Zfi;;goas
& z
e Shspc

' r7'7c€
lfaon’zonfa/ mavmmf' 5 Hne forf/ok @ =Z.
t=2 S /hovmj
h‘f bp e () 'gmﬁw

nd €20

(b) Find the x-coordinate of the particle’s position at time 7 = 4.
J‘ h;f’l

JL")h j

“10p10q ST} puCkaq LM JOU O(]

[Unauthorized copying or reuse of Continue problem 2 on page 7.

© 2012 The College Board.
Visit the College Board on the Web: www.collegeboard.org.



Do not write beyond this border.

i e ;e . dCay
282 2 32 2 2 3 222

(c) Find the speed of the particle at time ¢ = 4. Find the acceleration vector of the particle at time ¢ = 4.

y 3

5;7&4(‘ \1’0’;17;: 7 3 ac;el¢=r§%,jjé>
= (’(_{;‘i:’)lv @m 1‘6)1 <
- [Z; ) +@m’@))1
{7264 |

= sine)?
d it ZQSinCt))- oS+

(d) Find the distance traveled by the particle from time t =2 to t = 4. |

N i

Tor= jq @—"?—)’%@in 1-6)1 d—("
T1or= 004 |

| Tor= q004
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AP® CALCULUS BC
2012 SCORING COMMENTARY

Question 2
Overview

This problem described the path of a particle whose position at time 7 is given by (x(¢), y(7)), where

% =Y t 2 and % = sin’¢. Part (a) asked whether the particle’s horizontal direction of motion is toward the
e

left or toward the right at time ¢ = 2. Students should have determined the sign of dx at this time to establish the

dr
direction of motion. Students were asked to find the slope of the particle’s path at that time. The slope can be
dy _ dy/dt
dx  dx/dt

found by evaluating at t = 2. Part (b) asked students to find the x-coordinate of the particle’s

4
position at time ¢ = 4. This is calculated using the expression x(4) = x(0) + Io X'(t) dt. Part (c) asked for the

speed of the particle at time ¢# = 4 seconds. This value is found by evaluating \/ ()c'(t))2 +( y'(t))2 at time ¢ = 4.
Students were then asked for the acceleration vector at this time, which is given by (x”(4), y”'(4)). Part (d) asked

for the distance traveled by the particle over the interval 2 < 7 < 4 seconds. This is found by integrating

\/(x'(l‘))2 +(y(¢))* over the interval 2 < 7 < 4.

Sample: 2A
Score: 9

The student earned all 9 points.

Sample: 2B
Score: 6

The student earned 6 points: 3 points in part (a), 2 points in part (b), 1 point in part (¢), and no points in part (d).
In parts (a) and (b) the student’s work is correct. In part (c) the student correctly evaluates the speed. The
expression for acceleration is incorrect. In part (d) the student presents an incorrect integral for distance.

Sample: 2C
Score: 3

The student earned 3 points: 2 points in part (a), no points in part (b), no points in part (c), and 1 point in part (d).
dy/dt
dx/dt

movement of the particle is incorrect. In parts (b) and (c) the student’s work is not sufficient to earn any points. In
part (d) the student’s integral is correct, so 1 point was earned.

In part (a) the student considers and calculates the slope correctly. The student’s reason for the horizontal

© 2012 The College Board.
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Question 3

Let f be the continuous function defined on [—4, 3]

whose graph, consisting of three line segments and a
semicircle centered at the origin, is given above. Let g

be the function given by g(x) = Lx f(2)dt.

(a)
(b)

(c)

Find the values of g(2) and g(-2).
For each of g’(-3) and g”(-3), find the value or
state that it does not exist.

Find the x-coordinate of each point at which the
graph of g has a horizontal tangent line. For each

(39 _l)

Graph of f

of these points, determine whether g has a relative minimum, relative maximum, or neither a minimum nor

a maximum at the point. Justify your answers.

(d) For —4 < x < 3, find all values of x for which the graph of g has a point of inflection. Explain your
reasoning.
- [ __Lp(Ly=-L :
@ &)= rd=-30(3)=-4 2:{1.g<2>
) 1 1: g(_z)
g(-2)= [ " f@eydi==[ f(tydi
- _(é - 1) _r_3
2 2 2 2
b) g'(x)=f(x) = g(3)=/(-3)=2 5. { 1:g'(-3)
g'(x)=f1(x) = g'(3)=/,(3)=1 1:g"(-3)
(¢c) The graph of g has a horizontal tangent line where 1 : considers g’(x) =0
g’'(x) = f(x) =0. This occurs at x = —1 and x = 1. 3:¢1:x=-land x =1
1 : answers with justifications
g’(x) changes sign from positive to negative at x = —1.
Therefore, g has a relative maximum at x = —1.
g’(x) does not change sign at x = 1. Therefore, g has
neither a relative maximum nor a relative minimum at x = 1.
(d) The graph of g has a point of inflection at each of

x=-2, x=0, and x =1 because g”(x) = f’(x) changes
sign at each of these values.

© 2012 The College Board.
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Graph of f

3. Let f be the continuous function defined on [-4, 3] whose graph, consisting of three line segments and a

semicircle centered at the origin, is given above. Let g be the function given by g(x J f(2) dz.

(a) Find the values of g(2) and g(-2).
50) = Sl{'(@ at

SLL = 3 \\ &5

\3e="g |

03(';5—‘ S {/C*\ét
3L-ﬂ= Q,WDl - (5 N%\W

=

-

(b) For each of g’(-3) and g”(-3), find the value or state that it does not exist.

o' CR) = e

\3(3\ &W

e

6\\“(3 ;‘%‘QXB

_—
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(c) Find the x-coordinate of each point at which the graph of g has a horizontal tangent line. For each of these
points, determine whether g has a relative minimum, relative maximum, or neither a minimum nor a
maximum at the point. Justify your answers. '

6\00 = £0X) =0 oL
D G B |
hod ¢ yelafve moximuAm because

At A=) o W
%‘L?O = €6 c/hcq\gti Fromn ‘pcsx%vf ra_v\ea,a_

8 — \i
has neiyner heledss 6(@—?&5& S

Al

nor  ohongt S9N

) !

@ For —4 < x < 3, find all values of x for which the graph of g has a point of inflection. Explain your
reasoning.

c& has inflection oyt s \,o\(\t\ré %“LQ'« 1)
c\ﬂoux%ﬁ% %T%ﬂ - Ths OCLUR oF X=-2.0 |
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Graph of f

3. Let f be the continuous function defined on [~4, 3] whose graph, consisting of three line segments and a

. D - . -‘ x "
semicircle centered at the origin, is given above. Let g be the function given by g(x) = L £(#) dt.

(a) Find the values of g(2) and g(-2). \
§op g0 § €A de g ~-§_2$(§> ot
1 H nh nr?

) %(2\: 'g, L+ o_Uc ( 13) _ "‘TT\
= 03(23‘ \(’-'5>

2.

\ \
o | S
L q(-z\:‘/rv~'$/2_

(b) For each of g’(-3) and g”(-3), find the value or state that it does not exist.
) 300 = FIX o' ()= F%)
2 03 HEseH o g3
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(c) Find the x-coordinate of each point at which the graph of g has a horizontal tangent line. For each of these
points, determine whether g has a relative minimum, relatlve maximum, or neither a minimum nor a
maximum at the point. Justify your answers.

410X 20 & rarizantm ST I

9'/><): S(x) 0O
ar Xz-l,X=

~ ’T"

3

A+ X=-1, Frare i a vl Mo,

{3‘ onanges oo ¥ o -

— —

)
. A)

NG -\ dec | oec

b, e 1S reidner O MNAXIINLNA e
g adope vemalng

a mm\mwm e COAMEL e

,{\/eq a_h\./c

(d) For -4 < x < 3, find all values of x for which the graph of g has a point of inflection. Explain your .

reasoning.
@“(x)t LY %) |
9 will have @ ol where the slpe i £ charges Sign g
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Graph of f

3. Let f be the continuous function defined on [—4, 3] ‘whose graph, consisting of three line segments and a

semicircle centered at the origin, is given above. Let g be the function given by g(x) = LX f(z) de.
, . ,
(a) Find the values of g(2) and g(-2). CJ (X} = ‘H.‘;Q
=~ 1 \ J‘- \/ | -\
/ A O =\ = :
QL) =WeF g % CLRE- T

. (.‘13——-‘\— ‘ Moo o= -
GULFgm 2 = *%‘

(b) For each of g’(-3) and g”(~3), find the value or state that it does not exist.

0 (%)= £ R
q‘(%ﬁ'-fr%\: 1

g0z )

g'(»)=% (5= |
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(c) Find the x-coordinate of each point at which the graph of g has a horizontal tangent ling For each of these
points, determine whether g has a relative minimum, relative maximum, or neither a minimum nor a
maximum at the point. Justify your answers. :

G (%H=0 q00: £00=0 -

G +(=0 a5 =

e DHRF GF W) 05 0 Mowaimilim e CLASE,
W Grapn OF £60 [0 aronsmois 1iom
DOSIEVE 10 LaUANE A% s point. Tis tneans
Yagr o0 e ofodnal graph (guah the
OYaPN 1S YNeving fgmn CincrecSiog v
dacrecSing  oF s o wsnich T represtfiile
0% O maxnum. |

Do not write beyond this border.

(d) For —4 < x < 3, find all values of x for which the graph of g has a point of inflection. Explain your
reasoning.

EAORIS

Tuare s @ Danr OF inklgenon e 1%
o ‘ ‘11{ X s

pectuse. 00 Frg FR[Igraph ey ave
eSenked oiy, exyenad. Exrrema ©7 .U' I
QUFNOANE o FEpresenTs o geirr &
(Ya\WWealers 6N e aN gi nad 8\‘ apn
Trhurelore s  <xiE€MA 0 L Gidph

AP S
Wy -~ NES 6T AanTiptnery
AW | xs 2,3, are W0 lotner

STRNRCA VoY
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AP® CALCULUS BC
2012 SCORING COMMENTARY

Question 3
Overview

This problem described a function f that is defined and continuous on the interval [—4, 3]. The graph of f on
[—4, 3] is given and consists of three line segments and a semicircle. The function g is defined by

X 2
g(x) = L f(t) dt. Part (a) asked for the values of g(2) and g(—2). These values are given by L f(t) dt and

-2
L f(t) dt, respectively, and are computed using geometry and a property of definite integrals. Part (b) asked for

the values of g’(—3) and g”(-3), provided they exist. Students should have applied the Fundamental Theorem
of Calculus to determine that g’(-3) = f(-3) and g”(-3) = f"(-3). Students should have used the graph
provided to determine the value of f and the slope of f at the point where x = —3. Part (¢) asked for the x-
coordinate of each point where the graph of g has a horizontal tangent line. Students were then asked to classify
each of these points as the location of a relative minimum, relative maximum, or neither, with justification.
Students should have recognized that horizontal tangent lines for g occur where the derivative of g takes on the
value 0. These values can be read from the graph. Students should have applied a sign analysis to f in order to
classify these critical points. Part (d) asked for the x-coordinates of points of inflection for the graph of g on the
interval —4 < x < 3. Students should have reasoned graphically that these occur where f changes from increasing

to decreasing, or vice versa.

Sample: 3A
Score: 9

The student earned all 9 points.

Sample: 3B
Score: 6

The student earned 6 points: 2 points in part (a), no points in part (b), 2 points in part (¢), and 2 points in part (d).
In parts (a) and (d) the student’s work is correct. In part (b) the student does not supply the correct values. In

part (c) the student correctly considers g’(x) = 0 and identifies the correct x-values. The student does not give a
correct justification for x = —1, confusing f” with g’, and does not specify which function’s slope is intended in
the justification for x = 1.

Sample: 3C
Score: 3

The student earned 3 points: no points in part (a), 2 points in part (b), 1 point in part (c), and no points in part (d).
In part (a) the student does not supply the correct values. In part (b) the student’s work is correct. In part (c) the
student considers g’(x) = 0, so the first point was earned. The student identifies only one of the x-values, so the
second point was not earned. The student is not eligible for the third point. In part (d) the student does not identify
the correct x-values.

© 2012 The College Board.
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Question 4

x 1 111213 14
f(x)| 8 | 10| 12| 13 | 145

The function f is twice differentiable for x > 0 with f(1) =15 and f”(1) = 20. Values of f”, the derivative of
1, are given for selected values of x in the table above.

(a) Write an equation for the line tangent to the graph of f at x = 1. Use this line to approximate f(1.4).

(b) Use a midpoint Riemann sum with two subintervals of equal length and values from the table to
approximate LM f(x) dx. Use the approximation for J‘IM f/(x) dx to estimate the value of f(1.4). Show
the computations that lead to your answer.

(c) Use Euler’s method, starting at x = 1 with two steps of equal size, to approximate f(1.4). Show the
computations that lead to your answer.

(d) Write the second-degree Taylor polynomial for f about x = 1. Use the Taylor polynomial to approximate

f(1.4).

(@ f(1)=15 f(1)=8 5. { 1 : tangent line

. L 1 : approximation
An equation for the tangent line is

y=15+8(x-1).

F(1.4)=15+8(1.4—1) =182

14
®) .[1 S'(x) dx = (0.2)(10) +(0.2)(13) = 4.6 1 : midpoint Riemann sum
3 : ¢ 1 : Fundamental Theorem of Calculus
14 ‘
S14) =71+ L f(x) dx 1 : answer

F(1.4)=15+4.6=196

(© f(1.2)= f(1)+(0.2)(8) =16.6 5. { 1 : Euler’s method with two steps
| 1:answer
£(1.4) = 16.6 + (0.2)(12) = 19.0
d) Th(x)=15+8(x-1)+ %(x —1)? 5. { 1 : Taylor polynomial
' " | 1: approximation

=15+8(x—1)+10(x — 1)

F(14)=15+8(1.4—-1)+10(1.4 - 1)* =19.8

© 2012 The College Board.
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x 1§ 11112 ] 13 14
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4. The function f is twice differentiable for x > 0 with (1) =15 and f”(1) = 20. Values of f’, the derivative of
/f, are given for selected values of x in the tablc above.

(a) Write an equation for the line tangent to the graph of f at x = 1. Use this line to approximate f (1.4).
U-15= 8(x)
[Y= Bxen ‘

Y.¢) Q2 8U.4H4
= (-4))

R (%1

(b) Use a midpoint Riemann sum with two subintervals of equal length and values from the table to

1.4 e A
approximate j f'(x) dx. Use the approximation for Jl f’(x) dx to estimate the value of f(1.4). Show
— =

the computations that lead to your answer.

y‘\”"’*)dﬂ 2 (1.2-0)00) 4 (14 -1.2) (13)
= (0.2 +(0.2) 113)

= 2+2.b =)

Fligyw oy ["pra) dn
5 +4.b

(EAY

{

i\

*IOPIOQ ST PUOAaq LM 10U O]
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(c) Use Euler’s method, starting at x = 1 with two steps of equal size, to approxhna}é")'(l.4 !) Show the
computations that lead to your answer.

Pir2)e Py + 400 (0.2) = By = (5416 = 6.6
P 2 FQD) HE D02 = b b4 (12)(02)= (6.6 24

Jraw i |

(d) Write the second-degree Taylor polynomial for f about x = 1. Use the Taylor polynomial to approximate
fa4). -

Vata) = M + £10) 1) . Al (1)

'Vz(x): i 4+ Bia-1) + 20 (vH)L
| (! 2!

Ez(ﬂ):- (5§48 (2-1) 4 (0 (w"l.)j

Priy) 2 15+ 801.4-1) w0 (g -1
= 1E4800.4) + (0 (0.4)
- 432410

=1(4. 8

[1inaithnrizad ranuina ar ratiea afl Go ON TO THE NEXT PAGE-
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1.4

1

fix)| 8 | 10|12

Y

13

14.5

4. The function f is twice differentiable for x > 0 with f(1) =15 and f”(1) = 20. Values of f*, the derivative of

1, are given for selected values of x in the table above.

(a) Write an equation for the line tangent to the graph of Lat x = 1. Use this line to approximate f (1.4).

\

§

syt b —%'q
N !
i

(b) Use a midpoint Riemann sum with two subintervals of equal length and values from the table to

14 14
approximate J.l f’(x) dx. Use the approximation for L f’(x) dx to estimate the value of f(1.4). Show

the computations that lead to your answer.

[(L?ﬂQOBJr(w-i.z,)( ;g)]
E‘D-lﬁ' 0)+ 02 ('33]

ERELILCTS
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(c) Use Euler’s method, starting at x = 1 with two steps of equal size, to approximate f(1.4). Show the
computations that lead fo your answer. =

AY=02
‘Cm? 5 (\,1»3). |
et igs 502 Eie (66 (12,166

) (b POVHERAS 74 (AT

LONGEY

(d) Write the second-degree Taylor polynomial for f about x = 1. Use the Taylor polynomial to approximate

704).
ﬂﬂ+ -iL& ) ¢ 22 (x-ﬂ

fl.

p(ﬂ\*(ﬁ F o1 X fOCX/’()//

e —

—rgwo(H l)ﬂo(m 1

152504 £ (0 (04Y
- \(’A‘«'S,Q- - QOC'“’)

© k24150 X 1440
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4. The function f is twice differentiable for x > 0 with f(1) =15 and £”(1) = 20. Values of f, the derivative of
f, are given for selected values of x in the table above.

(a) Write an equation for the line tangent to the graph of f at x = 1. Use this line to approximate f(1 4).

_ Yy = MU ) me P
yois ¥(x—1)
4= fe sy _:%l
j:M)(‘-.L* y4 1Y Tz
MLl
g 24t

X

se a midpoint Riemann sum with two subintervals of equal length and values from the table to

14 14
approximate -[1 f’(x) dx. Use the approximation for L f’(x) dx to estimate the value of f(1.4). Show

the computations that lead to your answer.
o
'/zJ 10(2).+ 13¢2)
5
| odyet o :
4) Lo + 2 T | :
5 ()
8

7
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(¢) Use Euler’s method, starting at x = 1 with two steps of equal size, to approximate f (1.4). Show the
computations that lead to your answer. ¢

Ayz m DX
h //Z’
D‘j =+,
AQZLQ
4= IStle=16b

(11,1, 0)
llj: ]’L.'Z
> 24
y=lb.6F2.4 ’

(14,1, 0)

~——

o

-5
<

(d) Write the second-degree Taylor polynomial for f about x = 1. Use the Taylor polynomial to approximate
f(1.4).

¥
11
- ,qt /q ’_—'_(:__

§ o+ 1Y+ sl L S D
;2 (.1 J_@_Q___
(+WLUH-D + mx(Lq,ﬁt 1
g ; 4.9
§+ 4.9+ |45 '7'7'2‘
Fligk)y. o TYs0
|
X
Y.%
.45
.-/
[u.t3
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Question 4
Overview

Students were presented with a table of values for f” at selected values of x given that 1 is a twice-differentiable
function. The values for f(1) and f”(1) are also given. Part (a) asked students to write an equation for the line
tangent to the graph of f at x =1 and then use this line to approximate f(1.4). Students should have used the
given values for f(1) and f’(1) to construct an equation equivalent to y = f(1) + f’(1)(x — 1). Students could

then substitute x = 1.4 to obtain the desired approximation. Part (b) asked students to use a midpoint Riemann
14
sum with two subintervals of equal length, based on values in the table, to approximate J-l f'(x) dx. They were

then asked to use this approximation to estimate f(1.4). This estimate is obtained by using the midpoint Riemann

1.4
sum in the expression f(1)+ L f'(x) dx. Part (c) asked students to use Euler’s method, starting at x =1 with

two steps of equal size, to approximate f(1.4). Part (d) asked for the second-degree Taylor polynomial for f
about x = 1, which was then used to obtain yet another approximation for f(1.4). Students should have used the

given values for f(1), f7(1), and f”(1) to write the Taylor polynomial.

Sample: 4A
Score: 9

The student earned all 9 points.

Sample: 4B
Score: 6

The student earned 6 points: 2 points in part (a), 1 point in part (b), 1 point in part (c), and 2 points in part (d). In
parts (a) and (d) the student’s work is correct. In part (b) the student presents a correct midpoint Riemann sum, so
the first point was earned. In part (¢) the student correctly presents Euler’s method with two steps, so the first
point was earned. The student’s arithmetic error in the last sum leads to an incorrect value for the approximation.

Sample: 4C
Score: 3

The student earned 3 points: 1 point in part (a), no points in part (b), 2 points in part (c), and no points in part (d).
In part (a) the student presents the correct tangent line and earned the first point. The student makes an algebra
error in subsequent work and did not earn the second point. In part (b) the student’s work is incorrect. In part (¢)
the student’s work is correct. In part (d) the student uses incorrect values for (1), f’(1), and f”(1).

© 2012 The College Board.
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Question b

The rate at which a baby bird gains weight is proportional to the difference between its adult weight and its
current weight. At time ¢ = 0, when the bird is first weighed, its weight is 20 grams. If B(z) is the weight of the

bird, in grams, at time ¢ days after it is first weighed, then

dB
dt

- Lio0-
< =5(100-B).

Let y = B(¢) be the solution to the differential equation above with initial condition B(0) = 20.

(a) Is the bird gaining weight faster when it weighs 40 grams or when it
weighs 70 grams? Explain your reasoning. 100
2 2 £
(b) Find a‘;—f in terms of B. Use a;{—f to explain why the graph of B )
t t 5
cannot resemble the following graph. 2
(c) Use separation of variables to find y = B(¢), the particular solution to 201
the differential equation with initial condition B(0) = 20. 0
Time (days)
dB 1 dB
eed =_ = 1: —
(a) 7 P (60) =12 5 uses
1 : answer with reason
dB 1 _
T gy 5(30) =06
dB dB S
Because —— — , the bird is gaining
dt| p=g0  dt|p=10

weight faster when it weighs 40 grams.

d’B_ 1dB _ 1 1
®) d: S5dt 5 5(100 B)= 25

Therefore, the graph of B is concave down for
20 £ B < 100. A portion of the given graph is
concave up.

1 100- B

©) ‘fiB (100 B)

- (L
50-7 % _fs dat
~In|100 - B| = —t+C
Because 20 < B < 100, [100 — B| =100 — B.

~In(100-20) = £(0) + C = -In(80) =

100 — B = 80¢™"/°
B(t) =100 - 80e™/°, t>0

d’B ¢
5. ?mtermso B

1 : explanation

—_

: separation of variables
: antiderivatives

: constant of integration
: uses initial condition

()}
—_— e e e

: solves for B

Note: max 2/5 [1-1-0-0-0] if no constant of
integration

Note: 0/5if no separation of variables
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5. The rate at which a baby bird gains weight is proportional to the difference between its adult weight and its
current weight. At time ¢ = 0, when the bird is first weighed, its weight is 20 grams. If B(z) is the weight of the
bird, in grams, at time ¢ days after it is first weighed, then

4B _
dt

Let y = B(z) be the solution to the differential equation above with initial condition B(0) = 20.

(100 B).

(a) Is the bird gaining weight faster when it weighs 40 grams or when it weighs 70 grams? Explain your
reasoning. & B 1
WS &0 grims . — - Y
wMan | ) = = ¢ (100 4o) =L %(&4)’

whentt 13 30 qams: 4B + (00-F0) = 69/day

Sv the bived 1S 3mmv\g we‘gw Logter u-I/Le:t/\ T+
welghs -0 Grams,

2 2
(b Find %E in terms of B. Use Q to explain why the graph of B cannot resemble the following graph.
t t
-5 -3B

B - B - o

& T '1" 5 100t
"; *?(ZO'K"S) A,‘%\
= b 3
=
' 201
S5b-4 7 O B
p 7 (00 0 ]

Time (days) ¢ .
SO, the graph cannot be cancave up when welqh‘T 1 eelow (000
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(c) Use separation of variables to find y = B(t), the particular solution to the differential equation with initial

condition B(0) = 20.

&B = %((00 ‘“B)

-

I

4o -B) 4B = g«

¥

{00

- odt
-B B . ’

S;_L-— ds =0d+

oo -R

-Elnv[\tbo--?ﬂ: = 4 fc¢
1 ((uO"B} il "JST&'T C)

B o=(op-e7”

1
_ - _T(—t—tc)
{00 -B o

i« = 51n3D)
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5. The rate at which a baby bird gains weight is proportional to the difference between its adult weight and its
current weight. At time ¢ = 0, when the bird is first weighed, its weight is 20 grams. If B(r) is the weight of the
bird, in grams, at time ¢ days after it is first weighed, then

B _ 1
& = 50100 B).

Let y = B(t) be the solution to the differential equation above with initial condition B(0) = 20.

(a) Is the bird gaining weight faster when it weighs 40 grams or when it weighs 70 grams? Explain your

reasoning.
NI L L((0o-r0) = %6-%‘“"1‘“*3
S g S >
¢= 10 0 L (06 }0\ 39 groeldy
. 5
0)'30 35 ot weight =kOqam | Hhe ke o
S 5 ,' (,f/\uuéc 61 Gfrc{ wuc&L..x »/ ia)ﬂ:e(‘,
(b) Find %;— in terms of B. Use ‘(1;7123 to explain why the graph of B cannot resemble the following graph.
t .
A i
100
&
5
=
20
. - -

Time (days)

_,{.. = ié& cl e? " ﬂﬁgm{“ﬁ
5 ol } 5t o
4 Hhe qragh o) & Yea o be )

wnae down  all 1he deme<

(Cantinna nrahlam 5 an nage 19.

T e U s —— |
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(c) Use separation of variables to find y = B(t), the particular solution to the differential equation with initial
condition B(0) = 20.

/‘iﬁ s/‘_(‘b()’g>
S

g_&ﬂ& _ &H\L
loo-b $ ‘

,Jr ‘('C/
0-bH)=_—
[n (00 ‘55 5

' 4
00 - = Ce

5(0)=20 = W0-20 = (o . c=80

-~ - b
[
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5. The rate at which a baby bird gains weight is proportional to the difference between its adult weight and its
current weight. At time ¢ = 0, when the bird is first weighed, its weight is 20 grams. If B(z) is the weight of the
bird, in grams, at time ¢ days after it is first weighed, then :

dB _

& (100 B).

Let y = B(t) be the solution to the differential equation above with initial condition B(0) = 20.

(a) Is the bird gaining weight faster when it weighs 40 grams or when it weighs 70 grams? Explain your

reasoning.
\ g o b -
I (!, 00~ 40 > % 2 {‘J%{} WS (}j@, f\Ck‘ £t &Fg;\;\‘QA{ LA

J
(g i{,‘,%}- A0 g ioms \pl CeURL.

%5200;}@ = b 1t ‘\au,uvxﬁ ak Apace e rak

LA
x>

2 2. . . ‘
(b) Find Ly in terms of B. Use 4B to explain why the graph of B cannot resemble the following graph.
dr? dt*
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(c) Use separation of variables to find y = B(t), the particular solution to the differential equation with injta]

condition B(0) = 20.
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Question 5
Overview

The context of this problem is weight gain of a baby bird. At time ¢ = 0, when the bird is first weighed, its weight

is 20 grams. A function B modeling the weight of the bird satisfies CZI—Z: = %(100 — B), where ¢ is measured in

days since the bird was first weighed. Part (a) asked whether the bird is gaining weight faster when it weighs 40

grams or when it weighs 70 grams. Students had to evaluate and compare % for these two values of B. Part (b)

2
asked for c;—f in terms of B. Students should have used a sign analysis of the second derivative to explain why
t
the graph of B cannot resemble the given graph. Part (c) asked students to use separation of variables to solve the
initial value problem ‘jl—f - %(100 — B) with B(0) = 20 to find B(t).

Sample: bA
Score: 9

The student earned all 9 points. Note that in part (c) the student does not need absolute value on the fifth line because
B(0) = 20.

Sample: 5B
Score: 6

The student earned 6 points: 2 points in part (a), 1 point in part (b), and 3 points in part (c). In part (a) the
2

student’s work is correct. In part (b) the first point was not earned because the student does not present in

dr?

terms of B. The student’s correct appeal to the chain rule and correct explanation earned the second point. In
part (c) the student earned the first point with a correct separation on the second line. The second point was not
earned because the student’s antiderivative on the left-hand side on the third line is incorrect. (The antiderivative
should be —In(100 — B), with no absolute value needed.) A student who did not earn the second point is not

eligible for the fifth point. The student earned the third point on the third line and the fourth point on the fifth line
for correctly substituting 0 for ¢ and 20 for B.

Sample: bC
Score: 3

The student earned 3 points: 2 points in part (a), no points in part (b), and 1 point in part (c). In part (a) the
student’s work is correct. In part (b) the student makes a chain rule error and did not earn the first point. The
student is not eligible for the second point in part (b). In part (c) the student presents a correct separation on the
first line and earned the first point. The student’s incorrect B-antiderivative makes the student ineligible for any
additional points in part (c).
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Question 6

The function g has derivatives of all orders, and the Maclaurin series for g is
5

3
X X X
Z( e

(a) Using the ratio test, determine the interval of convergence of the Maclaurin series for g.

(b) The Maclaurin series for g evaluated at x = % is an alternating series whose terms decrease in absolute

value to 0. The approximation for g(%) using the first two nonzero terms of this series is % Show that

this approximation differs from g( ) by less than —— 200 OO

(c) Write the first three nonzero terms and the general term of the Maclaurin series for g’(x).

2n+3
X 2n+3| _(2n+3) 2 . ;
(a) mFs oA _(2n+5) X l.setsupratlf) . .
1 : computes limit of ratio
1 : identifies interior of
I 2n+3) 2 _ 2 5: .
S\ rs) Y TF interval of convergence
1 : considers both endpoints
el > l<x<l 1 : analysis and interval of convergence
The series converges when —1 < x < 1.
~ 1.1 11
When x = —1, the series is 3 + 55 + 9
This series converges by the Alternating Series Test.
When x =1, the series is %—%+%—%+---
This series converges by the Alternating Series Test.
Therefore, the interval of convergence is —1 < x < 1.
1\
(E) 1 1 1 : uses the third term as an error bound
(b) < = < 2:
120 7 224 200 1 : error bound
1 32,5 (2n+1) 2n {l:ﬁrstthreeterms
c X)==—2xt +2xt (-1 + - 2:
© &(x)= 3.5 7 =’ 2n+3 1 : general term
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6. The function g has derivatives of all orders, and the Maclaurin series for g is

ad 2n+1 3 5
n X _X_X X _ ..
;f ) 23=3" 517

(a) Using the ratio test, determine the interval of convergence of the Maclaurin series for g.
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(b) The Maclaurin series for g evaluated at x = —;— is an alternating series whose terms decrease in absolute

value to 0. The approximation for g(%) using the first two nonzero terms of this series is % Show that

this approximation differs from g( ) by less than ——

The Maclowria sexies Loy
eV usted ak X= = s gin pirerradiag
Sexies whose dpicase (a dbgn [ute vodne
400
S Bror of werg the fivg o
ny3ero <k TS gnatier thon 'tw
‘CWY"}‘ ot 0% e ;\,«,m,iauwm Lokt

thaed term: X=3

Lf- __.\L; i
32 T

S otww&fww differs iwm 3L-; 5 fess than =

200

(c) Write the first three nonzero terms and the general term of the Maclaurin series for g’(x).

i _ i > . . 2’)
U= 3 - B+ 2xta QIRCIEDE
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6. The function g has derivatives of all orders, and the Maclaurin series for g is
2n+l 3 S

3 _x_x X
2(1 m+3 3 5 7

(a) Using the ratio test, determme the interval of convergence of the Maclaurm series for g.

An4 1)+
. X . )—VH'} - (\ 7( 2—“‘(3 :S\IXl <$,
LW‘ antl o | amts
wope | 2013 X wdo
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(b) The Maclaurin series for g evaluated at x = L is an alternating series whose terms decrease in absolute

2
value to 0. The approximation for g(-é—) using the first two nonzero terms of this series is %23 Show that
this approximation differs from g(l) by less than L.
2 e 200 |
S\Afpvx Ou = () A—— % =3
* 2nt3

. . o terrs
‘1(3&) is ‘)“;NA UMJ -e/\t/gctrs* tw P

Qu = onE2
go J(‘{‘ference 2nt3 %

(
<la;l= ;) * ey =.

Co this appoximation diffs from q3) by b thar &

(c) Write the first three nonzero terms and the general term of the Maclaurin series for g'(x).

Maoﬁ\uvia W‘)?"ar 3/ <)

ey = - - 3¢t Sx4 - (ant) X
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6. The function g has derivatives of all orders, and the Maclaurin series for g is

n=0 n+ 2h+7,‘+'| . lh*zﬂr?
(a) Using the ratio test, determine the interval of convergence QE the Maclauﬁ'i series for g.
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(b) The Maclaurin series for g evaluated at x = % is an altematmg series whose terms decrease in absolute

1 . h ———
vihlfe_t\q 0. Thi i}fpf?xugatlou for g( 2) UE:% the fLrst tww~o n?nzero teTi ,_O.f thxs series 1s m Show that
this approximation differs from g l) y less than —— L
2 200
[ CQr (1 )
-

(
2
U>, A _fil.
Jt) " R 2

(c) Write the first three nonzero terms and the general term of the Maclaurin series for g’(x)
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Question 6
Overview

This problem presented the Maclaurin series for an infinitely differentiable function g. Part (a) asked students to
use the ratio test to determine the interval of convergence for the given Maclaurin series. Students should have
observed that for x = —1 and x =1, the resulting series is alternating with terms decreasing in absolute value to

0. Therefore, the series converges for x = —1 and x = 1. Part (b) asked students to show that the approximation

for g(%) obtained by using the first two nonzero terms of the series differs from the actual value by less than

ﬁ. Because this is an alternating series with terms decreasing in absolute value to 0, students should have

observed that the absolute value of the third term bounds the error and is strictly less than %00 Part (c) asked the
students to find the first three nonzero terms and the general term of the Maclaurin series for g’(x). Students
should have computed the symbolic derivative of the first three nonzero terms and the general term of the series

for g(x).

Sample: 6A
Score: 9

The student earned all 9 points.

Sample: 6B
Score: 6

The student earned 6 points: 4 points in part (a), no points in part (b), and 2 points in part (c). In part (a) the
student sets up the ratio correctly, evaluates the limit, finds the interior of the interval of convergence, and
considers the endpoints. The student does not provide a reason for the convergence, so the fifth point in part (a)
was not earned. In part (b) the student does not use the third term as the error bound for the first two terms, so no
points were earned. In part (c¢) the student’s work is correct.

Sample: 6C
Score: 3

The student earned 3 points: 1 point in part (a), 1 point in part (b), and 1 point in part (c). In part (a) the student
sets up the ratio correctly, so the first point was earned. In part (b) the student selects the third term as the error

bound for the sum of the first two terms, evaluates the third term, but never states that the error is less than ﬁ

In part (c) the student correctly finds the first three terms but not the general term.
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